Abstract. Let G be a finite group. A minimal subgroup of G is a subgroup of prime order. A subgroup of G is called S-quasinormal in G if it permutes with each Sylow subgroup of G. A group G is called an MS-group if each minimal subgroup of G is Squasinormal in G. In this paper, we investigate the structure of minimal non-MS-groups (non-MS-groups all of whose proper subgroups are MS-groups).
360
M. ASAAD (i) P contains a non-normal minimal subgroup < x >; (ii) G is a minimal non-nilpotent group; and (iii) G is a minimal non-MS-group.
We prove the following theorem:
THEOREM . If G is a minimal non-MS-group, then G = PQ, where P is a normal Sylow p-subgroup of G and Q is a non-normal cyclic Sylow q-subgroup of G (q = p), and one of the following statements is true:
G , where | < x > | = p and < x > is not S-quasinormal in G. (c) P is a non-abelian 2-group, 1 (P) ≤ Z(G) and |Q| = q.
Preliminaries.
In this section we collect some of the results used later. 
(d) If H and K are S-quasinormal in G, then < H, K > is S-quasinormal in G.
Proof. (a), (b): see Kegel [7] .
(c) Let Q be any Sylow q-subgroup of G, where q = p. Since H is S-quasinormal in G, it follows that HQ is a subgroup of G. By (a) and (b), H is subnormal in HQ, and since H is a p-subgroup of G, it follows that H is normal in HQ for each Sylow q-subgroup Q of G,
By the hypothesis, HP = PH and KP = PK for all Sylow subgroups P of G. Now it follows easily that P< H, K >=< H, K >P, and so < H, K > is S-quasinormal in G.
ᮀ
We can now prove the following: (2.3) If G is not of prime power order and G is a minimal non-PN-group, then G is a minimal non-MS-group.
Proof. Suppose that G is an MS-group. By the hypothesis, there exists a minimal subgroup H of order, say, p such that H is not normal in
2)(c). Let P be a Sylow p-subgroup of G such that H ≤ P. By the hypothesis, G is not of prime power order and is a minimal non-PNgroup, so H is normal in P. Since H is normal in P and O p (G) ≤ N G (H), we have that H is normal in G, a contradiction.
(2.4) Let P be a Sylow p-subgroup of G for some odd prime p.
Proof. This is [5, Satz 5.5(a), p. 435].
(2.5) If A is a p -group of automorphisms of the abelian p-group P which acts trivially on 1 (P), then A = 1.
Proof. This is [4 (2.7) If G is any one of the simple groups mentioned in (2.6) other than PSL (3, 3) , then G is a Zassenhaus group of degree n + 1, where n = r or r 2 according to G = PSL (2, r) or G = Sz(r); and the stabilizer N of a point is a maximal subgroup of G. (2.8) Let H be a proper subgroup of G and suppose that H is subnormal in K whenever
Proof. This is [3, Lemma 14.9, p. 49]. Proof. This is [1, Corollary 2].
Proofs.
We first prove the following lemmas:
Proof. We proceed by induction on the order of G. If each minimal subgroup of G is normal in G, then G is solvable by (2.1). Therefore, we may assume that some minimal subgroup H, with |H| = p say, is not normal in G. By the hypothesis,
is solvable by induction on the order of G, and since G/O p (G) is a p-group, it follows that G is solvable.
LEMMA 3.2. Let G be a non-solvable minimal non-MS-group. Then (G) = 1, and each minimal subgroup of (G) is normal in G.
Proof. By the hypothesis, each proper subgroup of G is an MS-group. Then, by Lemma 3.1, each proper subgroup of G is solvable, and since G is non-solvable, it follows that each maximal subgroup of G is non-normal in G. Let M be a maximal subgroup of 
Now we argue that each minimal subgroup of (G) is normal in G. If not, then (G) contains a minimal subgroup H with order, say, p such that H is not normal in G. Since (G) is nilpotent, it follows that H is subnormal in G, and so 
Proof. Since G is non-solvable and each proper subgroup of G is solvable by Lemma 3.1, it follows that G = G . Since 1 (Q) ≤ (G), it follows that each minimal subgroup H of Q is normal in G by Lemma 3.2, and so
, and since (G) is nilpotent, it follows that G is solvable, a contradiction. Then we may assume that M is a proper subgroup of G. Let Q be a Sylow 3-subgroup of M. If 1 (Q) ≤ (G) ≤ M, then M is 3-nilpotent by Lemma 3.3, a contradiction. Therefore, Q contains some minimal subgroup H such that H is not contained in (G). By the hypothesis, H is S-quasinormal in M, and so
LEMMA 3.5. Let G be a non-solvable minimal non-MS-group. Then G/ (G) is not isomorphic to
, then G is 3-nilpotent by Lemma 3.3, and so G is solvable by Lemma 3.1, a contradiction. Therefore, Q contains some minimal subgroup H such that H is not contained in (G).
By the hypothesis, H is S-quasinormal in M, and so H (G)/ (G) is S-quasinormal in M/ (G). By (2.2) (b) , H (G)/ (G) is subnormal in M/ (G), and since H (G)/ (G) is a Sylow 3-subgroup of M/ (G), it follows that
H (G)/ (G) is normal in M/ (G) ∼ = A 4 , a contradiction.
LEMMA 3.6. Let G be a non-supersolvable minimal non-MS-group. Suppose that G = PQ, where P is a normal Sylow p-subgroup of G and Q is a non-normal Sylow q-subgroup of G. Then P = H G for some non-S-quasinormal minimal subgroup H of G or 1 (P) ≤ Z(G); P is a non-abelian 2-group and |Q| = q.
Proof. Suppose that the result is not true. We treat with the following three cases: Case 1. Each minimal subgroup of P is S-quasinormal in G and p > 2. Then each subgroup of F(G) of prime order or order 4 is S-quasinormal in G. Hence G is supersolvable by (2.9), a contradiction. Case 2. Each minimal subgroup of P is S-quasinormal in G and p = 2. Let H be any minimal subgroup of P. Then H = P, because Q is a non-normal Sylow q-subgroup of G. Since H is S-quasinormal in G, we have that HQ is a subgroup of G. By (2.2)(a), H is S-quasinormal in HQ, and so H is subnormal in HQ by (2.2) (b). Since H is a subnormal Sylow 2-subgroup of HQ, we have that H is normal in HQ. But Q is normal in HQ, because |H| = 2. Then HQ = H × Q for each minimal subgroup H of P. If 1 (P) = P, then G = PQ = P × Q, a contradiction. Thus 1 (P) < P, and 1 (P)Q is a proper subgroup of G. Since G is a minimal non-MS-group and since each minimal subgroup of P is S-quasinormal in G, it follows that there exists a minimal subgroup L of Q such that L is not S-quasinormal in G, and so G = PQ = PL. By the hypothesis, Q = L is S-quasinormal in 1 (P)Q, so Q is a subnormal Sylow q-subgroup of 1 (P)Q. Then Q is normal in 1 (P)Q, and since 1 (P) is normal in 1 (P)Q, we have Q ≤ C G ( 1 (P) ). If P) ) by the hypothesis. By (2.2)(b), Q is subnormal in C G ( 1 (P)), and since C G ( 1 (P) ) is normal in G, we have that Q is subnormal in G, and so Q is normal in G, a contradiction. Therefore, 1 (P) ≤ Z(G), and since Q is not normal in G, it follows that P is a non-abelian 2-group by (2.5), a contradiction Case 3. There exists some non-S-quasinormal minimal subgroup H of G with H ≤ P.
Suppose H G = P. Then H G Q is a proper subgroup of G, and so H is S-quasinormal in H G Q. In particular, H permutes with Q. We can repeat this argument with any Sylow q-subgroup, and H permutes with P, so H is S-quasinormal in G, a contradiction.
We can now prove the main theorem.
Proof. For the sake of clarity, we break the proof into five parts.
(1) G is solvable.
Suppose that G is non-solvable. Then: (i) G = G and G/ (G) is a non-abelian simple group, because every proper subgroup of G is solvable by Lemma 3.1. PSL(2, r) or Sz (r), where r = 2 q and q is an odd prime. Suppose that G/ (G) ∼ = PSL (2, r) or Sz(r), where r = 2 q and q is an odd prime. Let be an odd prime dividing r − 1. By (2.7) 
, then G is 3-nilpotent by Lemma 3.3, and so G is solvable by Lemma 3.1, a contradiction. Therefore, we may assume that there exists a minimal subgroup A of L such that A is not contained in (G). By the hypothesis, A is S-quasinormal in M, and so A = A (G)/ (G) is S-quasinormal in M. Then A is normal in K A, and this is a contradiction because M is a Frobenius group.
(iv) G/ (G) is not isomorphic to PSL (2, p) or PSL (2, 3 q ), where p is a prime with p > 3 and q is an odd prime. The assertion in (iii) implies that there is no odd prime dividing p − 1 or 3 q − 1.
for some natural number m ≥ 4. Since p 2 − 1 ≡ 0 (16) and 3 2q − 1 ≡ 0 (16) , it follows that G/ (G) contains a subgroup isomorphic to S 4 , contradicting Lemma 3.4. not isomorphic to PSL(3, 3) . Suppose that G/ (G) ∼ = PSL (3, 3) . Take Y = PSL (3, 3) . Let x be an involution in the centre of a Sylow 2-subgroup of Y.
Since none of the simple groups mentioned in (2.6) can be isomorphic to G/ (G), it follows that G is solvable.
(2) |σ (G)| = 2. Clearly, G is not of prime power order, because nilpotent groups are MS-groups. Suppose that |σ (G)| ≥ 3. By the hypothesis, there exists a minimal subgroup H of order, say, p such that H is not S-quasinormal in G. We argue that H is subnormal in G. By the hypothesis,
Since |σ (G) | ≥ 3 and G is solvable by (1), it follows that H is contained in more than one maximal subgroup of G, a contradiction. Therefore, H is subnormal in G, so
(3) G has a normal Sylow subgroup. Suppose that G has no normal Sylow subgroup. By (1), G is solvable, so G has a normal subgroup M of prime index, say, q. Let P be a Sylow p-subgroup of G, and let Q be a Sylow q-subgroup of G, where p and q are distinct primes. Clearly, P ≤ M. By the hypothesis, M is an MS-group. Then by (2.2) (d) , 1 (P) is S-quasinormal in M, and hence 1 (P) is subnormal in M, and since M is normal in G, it follows that 1 (P) is subnormal in G. If 1 (P) = P, then P is normal in G, a contradiction. Therefore, we may assume that 1 (P) < P. Since 1 (P) is subnormal in G, we have 1 (P) ≤ O p (G) < P. Then 1 (P) = 1 (O p (G)) is normal in G, and so each minimal subgroup of G of order p is S-quasinormal in G and C G ( 1 (P) ) is normal in G. Hence, by the hypothesis, there exists a subgroup H of order q such that H is not S-quasinormal in G. Since H 1 (P) < G is an MS-group, it follows that H 1 (P)= H× 1 (P), so H ≤ C G ( 1 (P)) . We treat with the following two cases: Case 1. C G ( 1 (P)) < G. Then H is S-quasinormal in C G ( 1 (P)), and hence H is subnormal in C G ( 1 (P)), and since C G ( 1 (P) ) is normal in G, it follows that H is subnormal in G, so H ≤ O q (G) < Q. Now it follows easily that H is S-quasinormal in G, a contradiction.
